Abstract The scope of this contribution is to present an overview of the theory of structured deformations of continua, together with some applications. Structured deformations aim at being a unified theory in which elastic and plastic behaviours, as well as fractures and defects can be described in a single setting. Since its introduction in the scientific community of rational mechanicists [10] , the theory has been put in the framework of variational calculus [8] , thus allowing for solution of problems via energy minimization. Some background, three problems and a discussion on future directions are presented.
Introduction
Many and complex are the deformations of a body when it responds to external loading. In the last century, and even before, several theories have been proposed to study phenomena such as elasticity, plasticity, fracture. . . More recently, both the advent of modern instruments capable of resolving the core of the matter, and more powerful computers allowed scientists to bridge different length scales together and to formulate theories that range from the subatomic level to the macroscopic one. In this way, phenomena that were described from a macroscopic viewpoint started being related to their microscopic counterpart: it was possible to model at the atomistic level and to explain phenomena that are experienced at the macroscopic scale. An example of this is the understanding that the motion and pile-up of defects such as dislocations is the microscopic process which is responsible for plasticity.
The necessity of having a theoretical tool that permits inclusion of multiple scales is evident. Structured deformations [10] (see also [3] ) respond to this need by providing a multiscale geometry that captures the contributions at the macroscopic level Marco Morandotti Technische Universität München, e-mail: marco.morandotti@ma.tum.de of both smooth geometrical changes and non-smooth geometrical changes at submacroscopic levels. These non-smooth geometrical changes, which are called disarrangements, encode the presence of cracks and defects in the continuum. The geometrical effects at the macrolevel of submicroscopic disarrangements are captured by sequences of approximating, piecewise smooth deformations f n that converge to the macroscopic deformation field g and whose gradients ∇ f n converge to a field G that might differ from ∇g. The jumps in f n contribute to the interfacial part of an initial energy response E( f n ), they diffuse throughout portions of the body, and they contribute in the limit to both the bulk and interfacial parts of a relaxed energy response I(g, G). This is the main result contained in the approximation and relaxation theorems [10, Theorem 5.8] and [8, Theorems 2.12 and 2.17], and is the novelty of the theory. The main feature of the relaxation theorems is that they provide a representation formula for the relaxed energy functional which can then be expressed as an integral. The relaxed bulk and surface energy densities are obtained through the so-called cell formulas, which are expressed as minimum problems.
Structured deformations have been successfully applied in many contexts to model the deformation of bodies that also include plastic deformations and cracks [7, 11, 12, 13] . The theory has been extended to more general contexts, especially by defining second-order structured deformations [19] , which permit the inclusion of bending effects in the energy functional. Applications and developments of secondorder structured deformations are provided, for example, in [5, 18, 21] . Also relevant are the works [4, 20, 23] , which focus on interfacial energies, relevant, among other things, for the study of granular and composite materials (see [16] in this context), as well as [22] , where a more general functional setting is investigated.
In the present note, we shall present the basic definitions of structured deformations and the relaxation theorems contained in [8, 10] , and the applications contained in [4, 6, 16] , which contain contributions of the author.
In Section 2, we present the general mechanical and functional setting, as well as define the energies that are interesting to our problems. In Section 3, we present the results for three specific problems. Finally, in Section 4, we outline some future directions.
General setting and energies
In this section we recall the definition of structured deformation and also present the main results about the relaxation of non-convex energies.
Always in this note, and unless differently specified, Ω will denote a bounded open subset of the N-dimensional Euclidean space R N .
Functional setting
We start by defining the function spaces which are relevant in our context. We assume that the reader is familiar with the Lebesgue spaces
with the space of Radon measures M (Ω ; R d ), and with the different notions of convergence (strong, weak, and weak-*).
Definition 1 (see [2] ). The space of R d -valued functions of bounded variation is defined as BV (Ω ;
where ∇u is the approximate gradient (see [2, Definiton 3.70 and Theorem 3.83]), [u] := u + − u − is the jump of u across the jump set S(u) (which can be proved to be (N − 1)-rectifiable), ν is the normal to S(u), and D c u is the Cantor part of the measure Du. The space of special functions of bounded variation is defined as
the set of BV functions for which the singular part of Du is reduced to the jump part.
We now present the two definitions of structured deformation of [10] and [8] .
Definition 2 (see [10] ). A structured deformation is a triple (κ, g, G), where κ is a surface-like subset of Ω , and the injective and piecewise differentiable map g : Ω → R N ) the piecewise continuous tensor field G : Ω → R N×N are such that
In view of Definition 2, κ describes preexisting, unopened macroscopic cracks and the map g and its classical gradient ∇g describe macroscopic changes in the geometry of the body. A geometrical interpretation of the field G is provided by the following approximation theorem.
Theorem 1 (see [10, Theorem 5.8] ). For each structured deformation (κ, g, G) there exists a sequence of injective, piecewise smooth deformations f n and a sequence of surface-like subsets κ n of the body such that
The limits in (2) are taken in the sense of L ∞ convergence. From (2) we see that G captures the effects at the macroscopic level of smooth geometrical changes at submacroscopic levels; G is usually referred to as the deformation without disarrangements.
The space SBV (Ω ; R d ) defined in (1) formalizes the notion of discontinuity of a function u with the introduction of the jump set S(u). In this way, one can think of linking the role of κ with that of g in Definition 2, by considering pairs made of a deformation g, also carrying the information about the cracks, and a matrix-valued field G.
Definition 3 (see [8] ). The space of structured deformations is defined as
In view of Definition 3, Theorem 1 has the following counterpart.
The proof of Theorem 2 can be achieved by combining Alberti's theorem [1, Theorem 3] and an approximation result in BV by piecewise constant functions (see, e.g., [8, Lemma 2.9]). It is worth mentioning that an alternative proof of a weakerversion of the approximation theorem, without using Alberti's theorem, is proposed in [22, Theorem 7.1] . We want to stress that the convergences in (4) allow for the limit of a sequence of functions and the limit of its gradients to be unrelated, and in fact there is no a priori relationship between g and G. Even more importantly, the disarrangements tensor defined by the difference
has a fundamental geometrical meaning: it captures, in the limit as n → ∞, the volume density of separations and slips between pieces of the body, and how this is determined by the interfacial discontinuities of the approximating deformations u n in Theorem 2 (or f n in Theorem 1). The tensor M can also be interpreted as a measure of how non classical a deformation is: M = 0 corresponds to ∇g = G, and therefore the convergences in (2) and (4) hold in a stronger sense. In this regard, from (5) and (2) one trivially obtains M = ∇ lim n→∞ f n − lim n→∞ ∇ f n , which can be considered a quantitative measure of the lack of commutativity of the classical gradient and the limit operator in the L ∞ convergence. The tensor M and its derivatives, such as curl M, are fundamental quantities to describe the presence of defects such as dislocations, and how they intervene in the response of solids (see the discussion in [4, Section 1.1]).
We close this discussion by presenting two examples (see [8, 10] )
, and G(x) = 1. An approximating sequence is given by f n (x) := x + k n , for k n x < k+1 n and k = 0, . . . , n−1. Indeed, f n (x) → 2x as n → ∞, and ∇ f n (x) = 1 for every n, so that (2) and (4) are satisfied; yet, the distributional derivative is given by D f n = 1 + ∑ n−1 k=1 1 k δ k/n and it shows the emergence of jumps discontinuities, which become smaller and smaller in magnitude and diffuse in the whole domain as n → ∞, see Figure 1 .
Example 2 (The deck of cards). In this example in N = 3 dimensions, a simple shear of a cubic domain Ω = (0, 1) 3 is considered. Let κ = / 0, g(x) = (x 1 + x 3 , x 2 , x 3 ), and G(x) = I. An approximating sequence is given by f n (x) := (x 1 + k n , x 2 , x 3 , for k n x 3 < k+1 n and k = 0, . . . , n−1. Then, f n (x) → g(x) as n → ∞, and ∇ f n (x) = I for every n, so that (2) and (4) are once again satisfied; here, D f n = I + ∑ n−1 k=1
, and also in this case the jumps diffuse to the bulk.
The effect that the singular part of Du n diffuses to the bulk is crucial to understanding structured deformations and the cell formulas in the relaxation theorems that we will present later. What is happening is that, as n → ∞, the singular sets diffuse (H N−1 (S(u n )) → +∞) in a controlled way, which is measured by the boundedness of the total variation of the singular part of the measure, |D s u n |(Ω ) < +∞.
Energies and relaxation
We present here some general energy functionals for deformations of solids, as well as the relaxation theorems to define functionals on the space SD(Ω ) introduced in (3). Energy minimization is a convenient way to find equilibrium configurations of a body undergoing internal stresses and external loadings. In the general case, the energy densities are not convex, or quasi-convex, so that the energy landscape can show many local minima. In calculus of variations, this situation is resolved by computing the (quasi-)convex envelope of the energy densities, therefore obtaining the relaxed functional, that is the largest lower semicontinuous functional below the given one. We refer the reader to treatises on calculus of variations for the relationship between lower semicontinuity and convexity (see, e.g., [14] ).
Let now u ∈ SBV (Ω ; R d ) and consider an energy functional defined by
where the desities W :
Given a structured deformation (g, G) ∈ SD(Ω ), the relaxation of the energy (6) is
Remark 1. We notice that the lack of coercivity of the bulk density W is compensated by the boundedness constraint on the approximating functions u n requested in (7) . This gives the freedom to treat more general densities W satisfying (H 1 ). A strategy to circumvent the lack of coercivity is proposed in [8, proof of Proposition 2.22,
Step 2]: one first adds a fictitious coercivity W ε (·) := W (·) + ε| · | p , and then lets ε → 0. The requirement in (H 2 ) of coercivity for Ψ in the first variable can be removed [8, Remark 3.3] by modifying the requirements in (H 2 ) and (H 3 ) and the boundedness requirement in (7).
Let us denote by
2 ) N the unit cube in R N and by Q ν the rotated one such that two faces are perpendicular to the vector ν ∈ S N−1 . The main result regarding the relaxed energy in (7) is the following. Theorem 3 (see [8, Theorem 2.17] ). Let (g, G) ∈ SD(Ω ) with G ∈ L p (Ω ; R d×N ), and let the bulk and surface energy densities W and Ψ satisfy (H 1 )-(H 4 ). Then
The relaxation described in Theorem 3 is based on the so-called blow-up method [15] : the energy densities H and h are obtained as the energetically optimal ones realizing an affine transformation (for the bulk part) with prescribed boundary values and gradient, and a jump (for the surface part) with prescribed jump height. This is essentially the meaning of the conditions in the infimization problems (8) and (9) . Results analogous to that stated in Theorem 3 are available in the literature: the reader is referred to [8] for the case p = 1, and to [5, 19, 21] for second-order structured deformations and for different types of initial energies (6).
Three problems

Explicit formulas for purely interfacial energies
In the case d = N, we investigate an energy functional of the type (6) with W = 0, that is, where the energy is purely interfacial. By applying the blow-up method, we obtain a representation formula of the relaxed energy (7) for particular choices of initial surface energy densities, namely for
and V ± (g, G) the relaxed energies obtained via Theorem 3.
Theorem 4 (see [4, 20, 23] ). The initial disarrangement densities Ψ |·| (λ , ν) := |λ · ν| and Ψ ± (λ , ν) := (λ · ν) ± have relaxed disarrangement densities given by
The proof presented in [4] that H |·| (A, B) = | tr(A − B)| relies on the following chain of inequalities
The first inequality comes from (8), the second one holds because we are restricting the set of admissible functions in the minimization, the third one is proved in [4] . It is worth noticing that the second minimization problem in (10) is the one proposed in [3] in a different context for relaxation; the proof of the third inequality in (10) is achieved by an explicit construction and on the notion of isotropic vectors [9] .
Other than recovering the explicit results of [20] with a shorter proof, and other additional explicit formulas, (10) shows the equivalence of two minimum problems. The recent paper [23] contains results on the general form of the relaxation of purely interfacial energies, which extends the previous results.
Another consequence is the relationship between the relaxed energied for the three densities considered in Theorem 4, namely (recalling (5))
Optimal design
In the context of optimal design, we consider a two-component fractured medium with prescribed macroscopic strain. The initial energy functional of type (6) is tailored to account for the fine structure of the material and the relaxed energy densities are obtained by the interplay between the optimization of sharp interfaces and the diffusion of microscopic cracks. Let χ ∈ BV (Ω ; {0, 1}) be the characteristic function of a set of finite perimeter (see [2] ) describing one constituent of the material. Given a deformation u ∈ SBV (Ω ; R d ), consider the initial energy
which features the contributions of bulk and surface energy densities W i and Ψ i 1 , i = 0, 1, for the deformation u, as well as a surface energy density Ψ 2 on the superposition of the singular sets of u and χ, and a perimeter penalization term pushing for smaller interfaces between the two constituents.
We assume that the energy densities W i satisfy (H 1 ) and are coercive, that Ψ i 1 satisfy (H 2 )-(H 4 ), and that Ψ 2 satisfies
Given (χ, g, G) ∈ BV (Ω ; {0, 1}) × SD(Ω ), the relaxed energy is defined by
and the relaxation theorem states the following.
Theorem 5 ([16, Theorem 3.3] ). Let (χ, g, G) ∈ BV (Ω ; {0, 1}) × SD(Ω ) and let the bulk and surface energy densities W i , Ψ i 1 (i = 0, 1), and
where, for i, a, b ∈ {0, 1}, A, B ∈ R d×N , c, d ∈ R d , and ν ∈ S N−1 ,
Dimension reduction
Dimension reduction is a technique to study thin objects in 2d starting from a fully 3d model and energetics. A small thickness parameter ε > 0 is involved in the 3d energy and sent to zero to obtain the 2d energy. We consider a bounded open set ω ⊂ R 2 and define
where the densities W 3d and Ψ 3d satisfy assumptions (H 1 )-(H 4 ).
In order to couple dimension reduction and structured deformations, we shall perform the two relaxation processes one after the other in two different orders, as depicted in the left-and right-hand side paths in Fig. 2 DR are obtained by the change of variables x 3 → x 3 /ε, so that the functional will be defined on the volume Ω :
2 ). After rescaling the functional by dividing it by ε, the limit as ε → 0 is computed. The structured deformation legs SD are obtained by applying the relaxation Theorem 3. It is important to point out that, in the dimension reduction process, there is the emergence of a vector d : ω → R 3 that keeps memory of the behavior of the deformation in the x 3 -direction. The role played by d is encoded via the constraint
d in the relaxation process (see [6] ).
A comparison of the relaxed energy densities is interesting, to see whether or not the two different ways provide the same result. In this respect, partial results are available in the special case of the purely interfacial initial energy densities in Theorem 4. Moreover, in this case, another relaxation procedure is available in the literature: in [17] a relaxation that simultaneously defines a 2d energy on structured deformations is studied. We prove [6, Section 5] that the left-and right-hand paths provide the same relaxed energy densities, whereas those computed using the central path in Fig. 2 are lower.
Conclusions and outlook
In this brief note, we have presented a general overview of structured deformations and their versatility by describing three applications which are very different from one another. In Section 3.1 we obtained explicit formulas and the equivalence of two minimum problems [4] ; in Section 3.2 we coupled structured deformations to study an optimal design problem, and performed a relaxation in the joint variables χ and u [16] ; finally, in Section 3.3 we coupled structured deformations with dimen-sion reduction, showing two possible routes to obtain the final relaxed energies, and comparing the results for a specific choice of initial energy densities [6] .
The results in Section 3.1 can be extended to more general situations and call for the search of explicit formulas for other initial energy densities: these will be certainly useful in the applications. Those in Section 3.2 are a first step towards the far-reaching goal of incorporating elements of plasticity in optimal design of composite media. Section 3.3 presents challenges at a more theoretical level, regarding the commutativity of different relaxation processes and the comparison of minimum problems for the same functional, but different sets of admissible functions.
The versatility of structured deformations makes them suitable to model physical systems such as composite or granular media, defective materials, and biological membranes with the aim of shedding new light on the mechanics of these systems.
